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Abstract 



We address the question of the appearence of ordinary quantum mechanics in the context of noncom- 
mutative quantum mechanics. We obtain the noncommutative extension of the Hu-Paz-Zhang master 
equation for a Brownian particle linearly coupled to a bath of harmonic oscillators. We consider the 
1} , particular case of an Ohmic regime. 
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^ . 1 Introduction 

The recent revival of interest in noncommutative space-time was mainly motivated by the realization that 
the low energy effective theory of a D-brane in the background of a Neveu-Schwarz-Neveu-Schwarz B field 
lives on a space with spacial noncommutativity [1]. A lot of work has since been devoted to investigating 
quantum field theories on such quantized space-times [2]. The most remarkable features of these theories 
are the breakdown of Poincare invariance, which is replaced by a twisted Poincare symmetry [3] and the 
so-called IR/UV mixing [4] in perturbation theory. In most approaches the space-time coordinates do 
not commute, either in a canonical way 1 

[x",x v ] = i9 fiV , (1) 

or in a Lie-algebraic way [x 11 , x v \ = iC^ u x^ , where Q^ v and Cg" are real constants. In general, one assumes 
that 6 0i = (or Cf = 0) (i.e. that time is an ordinary commutative parameter) to avoid problems with 
the lack of unitarity. Noncommutative quantum mechanics emerges from noncommutative quantum field 
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theory with canonical noncommutativity (1) as the non-relativistic one particle sector of the theory. The 
noncommutative algebra then becomes: 



[Qi,Qj]=iOij, [qupj] =ih5ij, \pi,Pj]=0, (2) 

for the spatial indices i,j = 1,- • • ,d and time is just a commutative parameter in the theory. The mo- 
mentum sector is sometimes replaced by the noncommutative generalization [5]: \pi,pj] = irjij, to cast the 
momenta on equal footing with the coordinates. We shall however consider the simpler version in (2) to 
avert unnecessary technical complications. The algebra (2) may also appear in the context of constrained 
quantum mechanical systems [6]. In our work we shall address the two-dimensional plane with spatial 
noncommutativity. The algebra (2) then reads: 

[QuQj] = iOtij, [QhPj] = ihSij, \Pi,Pj] = 0, i,j = 1,2, (3) 

where e±2 = —£21 = 1, e n = £22 = and 9 is a real constant, henceforth denoted as the noncommutativity 
parameter. In ref.[7] the authors obtained the following estimate: 9 < 4 x 10 _40 m 2 . 

To derive the noncommutative version of a quantum mechanical system one first performs a linear trans- 
formation (sometimes called the "Seiberg-Witten map"): 

9 

Ri = qi + 7^ e ijPji tii=Pi, ( 4 ) 

where we adopted the Einstein convention and the set (R, TV) satisfy the ordinary Heisenberg algebra: 

Ri,Rj = IT, lb/ =0, Ri,tlj =ihSij. (5) 

The transformation (4) is obviously not unique, as the canonical set (R, TV) are always defined only up to a 
unitary transformation. Once the Hamiltonian H(q,p) has been expressed in terms of the canonical vari- 
ables (R, TV), the usual quantization procedure follows. In particular, the space of states of noncommutative 
quantum mechanics remains 

Our aim is to study the emergence of ordinary quantum mechanics in the context of noncommutative 
quantum mechanics. The question of this noncommutative-commutative transition (NC-C) is as delicate 
as that of the quantum-classical transition [8]. In fact we should expect various criteria, such as formal 
limits 9 — > 0, high quantum numbers n — > 0, certain high-temperature expansions or resorting to suitable 
coherent states, etc. In many cases one may even be forced to combine various of these criteria. 

Our strategy to induce a NC-C transition consists of coupling a noncommutative Brownian oscillator 
to an external reservoir of noncommutative oscillators at thermal equilibrium and thus treat it as an open 
system [9]. We shall assume the coupling to be weak so that only the linear response will be considered 
[10]. The Hamiltonian reads: 

n \ n In 

where q = (91,92), P = (pi,l?2) are the position and momentum of the Brownian oscillator of mass 
M and bare frequency U, q^ = {q^i\q^), = (Pi\p2^) are the positions and momenta of the 
bath's oscillators with masses m n and frequencies u n . We have also used the notation q 2 = 91+92, 

* * Jn) ~ Jn) , 

q.qW =q iq \ + q 2 q y 2 etc. 

We shall work in quantum phase space by resorting to the so-called quasi-distribution (or deformation 
quantization) formulation of quantum mechanics. Obviously we shall have to implement some extension 
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of this formulation to incorporate the noncommutativity. For instance the noncommutative ^-product is 
replaced by the so-called super ^-product [9] : 



A(z) *B(z) = exp f — V z ■ JV Z < + — V q ■ eV q , J A(z)B(z') 



(7) 



with V g = (d/dqi,d/dq2) and is as in eq.(3). Moreover, V z = (V g , V p ), z = (q,p), etc and J is the 
4x4 symplectic matrix: 

J= /0 2x2 -l 2x2 \ 
y -1-2x2 u 2x2 J 

The Wigner function also has to be modified. For a pure state it reads [11]: 

F p N ure(Q,P) = J^Jdy e- 2i ^(q + y) * e ^iq ~ y), (9) 

where tp is the wave-function and *o is the noncommutative ^-product which is obtained from Eq. (7) by 
setting H = 0. The important thing to remark is that this ^-product only involves the coordinates q. 
A mixed state is just a convex combination of pure states. The dynamics of the noncommutative Wigner 
function is governed by the super Moyal equation: 

f)F NC r i 

- B -(z,t) = [H(z),F NC (z,t)]. (10) 

The super-Moyal bracket is defined by: ih[A(z),B{z)\ = A(z) * B(z) - B(z) * A(z). In Eqs. (7), (10) 
z may now represent an array of positions and momenta for several particles. For our system, Eq. (10) 
describes the dynamics of the full combined (closed) system of the Brownian particle and the reservoir. We 
are interested in the master equation for the reduced noncommutative Wigner function of the Brownian 
particle: 

W{z) = j(u n dz^)F NC (z,{z^}), (11) 

where dz^ = dq^dp^ . To simplify the derivation we assume that the initial distributions of the Brownian 
particle and of the bath are uncorrelated: 

F NC (z, {z (n) } ,t = 0) = W(z,t = 0)W b = o) , (12) 

and that the bath is at thermal equilibrium: 



W b ({*(">} ,t = 0)=l[N n x exp \-a n (p^f - c n (q^f - 2b n L^ 



n) 



(13) 



where = q^ ■ ep^ and a n ,b n ,c n , N n are certain temperature dependent, positive coefficients. After 
a lengthy calculation which follows closely the method of Halliwell and Yu [12] we arrive [13] at the 
noncommutative extension of the Hu-Paz-Zhang master equation [14]: 

= V i W + Mn2 1 ■ V p W + ( V p W ) ■ ^1 + V p ■ (B(t)pW) + 

+V P • (C(t)V q W) + V p • (D(t)V p W) + f MQ 2 q ■ eV q W - f V, • e (A(t)qW) (14) 
-f V, • e (B(t) P W) - f V, • e (C(t)V q W) - f V, ■ e (D(t)V p W r ) , 
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where A, B, C, D are time dependent 2x2 matrices. Their explicit form depends solely on the so-called 
dissipation and noise kernels. In the Heisenberg picture the equation of motion for the Brownian particle 
is the noncommutative Langevin equation: 

Qi(t) + n 2 Qi{t) - ^Mn 2 e iJ Q j (t)+ 

(15) 

+1 Jo ds V k 3 (t - s) (6* - ^e ik £j Qjis) = 

where Qi = qi + ^ijPj is used for convenience. The dissipation matrix kernel = ^lij{t) is given by: 

r+oo (Jjjj 

lijif) = — [ki(u) cos(wt) + Jijiyi) sin(u;i)] . (16) 

Jo w 

The spectral densities read: 

= En 4m}SnJ ij ~ °n ~ K) + 8{u - O n + A n )] 

(17) 

k JijW = En Arn^inj ij i 6 ^ ~ V n - \ n ) - 5(uJ - tt n + X n )] 

where Q n = io n \J\ + (X n /uj n ) 2 and A n = m n Lo\9j{2h). Finally, the "random" force fi(t) satisfies: 

< fi(t) >= 0, < {fi(t), f 3 (t')} >= hu^t - 0, (18) 

where {A, B} = (AB + BA) /2 is the anticommutator and 

Vijit) = J duj coth y— —j [Iij(oj] cos(cot) + Jij(uj) sin(u;t)] (19) 
is the noise kernel. The two kernels satisfy the fluctuation-dissipation relation: 

/+oo r+oo f TlBu)\ 

ds K(t - s)^ij(s), K(t)= — coth I cos (cot). (20) 

-oo JO K V 2 / 

Given the kernels r\ and v we were able to write an expression for the matrix coefficients A, B, C, D of the 
master equation (14). These expressions simplify drastically if we consider the weak coupling limit and 
neglect terms of order higher than O (C 2 ) in the coupling constants. In Ref.[13] we wrote the expression 
for the coefficients in this weak coupling limit. Here we wish to report on another particular case of 
interest, namely the noncommutative version of the Caldeira-Leggett model [10]. In this model, to achieve 
irreversibility, we shall take the thermodynamic limit, i.e. we consider a continuum of oscillators, 



J2C 2 n — / dco p D {u)C 2 {u), (21) 

with density Pd{w) such that irp£)(u)C 2 (uj) = 9(A — uo)2mriuj 2 , where 9{to) is Heaviside's step function, 
A is a high frequency cutoff which shall eventually be taken to infinity, m is a characteristic mass of the 
bath (m n ~ m, Vn) and rj is a damping constant. This model is called ohmic in the sense that (in the 
commutative limit) the spectral density reads (cf.Eq. (17)): hj{uj) ~ ^SijU. In this ohmic regime we get 
from Eq. (16) to first order in 9: 

??(<% + f £ € v^) <*(*)> (22) 
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where we used: limA->+oo sm ^ t = S(t). As in [10] we now assume a high temperature ohmic regime, so 
that in (19) we shall consider HQ << fc^T. We shall thus only admit the first term in the expansion of the 
coth in Eq. (19). It then follows that 

. . 2rikBT / m9 d \ „, . . . 

Mt)~^f(^+2 )^ (23) 

We thus get after some algebra: 

-f^fg - frey£ feW) - f CksTe, (24) 
+ f M^cy^ (qjW) + *f Jey^ feW) , 

where VP ren = f2 2 — -^<5(0) is the renormalized frequency and k, £, ( are phenomenological constants which 
depend on the dissipation coefficient r\ and on m, M and &l en . 

Equation (24) will be the object of futher investigation in a forthcoming paper. 
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